Empirical support for the long-run Fisher effect, a hypothesis that a permanent change in inflation leads to an equal change in the nominal interest rate, has been hard to come by. This paper provides a plausible explanation of why past studies have been unable to find support for the long-run Fisher effect. This paper argues that the necessary permanent change to the inflation rate following a monetary shock has not occurred in the industrialized countries the United Kingdom, and the United States. Instead, this paper shows that inflation in these countries follows a mean-reverting, fractionally integrated, long-memory process, not the nonstationary inflation process that is integrated of order one or larger found in previous studies of the Fisher effect. Applying a bivariate maximum likelihood estimator to a fractionally integrated model of inflation and the nominal interest rate, the inflation rate in all seventeen countries is found to be a highly persistent, fractionally integrated process with a positive differencing parameter significantly less than one. Hence, in the long run, inflation in these countries will be unaffected by a monetary shock, and a test of the long-run Fisher effect will be invalid and uninformative as to the truthfulness of the long-run Fisher effect hypothesis.
Introduction
The long-run Fisher effect hypothesis is a proposition that states a permanent change in the inflation rate will cause nominal interest rates to move one for one with the change in inflation. Thus, the real interest rate will remain unchanged in response to a monetary shock if the Fisher effect holds (Fisher, 1930) . Unfortunately, empirical support for the long-run Fisher effect has been hard to come by (see Weber, 1994; King and Watson, 1997; Koustas and Serletis, 1999; and Rapach, 2003) . The objective of this paper is to provide an explanation as to why these previous studies of the long-run Fisher effect have been unable to support this widely held theory.
Past empirical studies of the long-run Fisher effect have employed variations of the Fisher and Seater (1993) bivariate, vector-autoregression test of long-run (super)neutrality.
The key to being able to apply this reduced form test is finding inflation to follow a nonstationary process integrated of order one or larger. Most tests of non-stationarity contain in some form or another a test for a unit-root. If inflation contains a unit-root an exogenous monetary shock will permanently change inflation. The long-run response of the nominal interest rate to a permanent change in inflation will then depend on the relative orders of integration in inflation and the nominal interest rate. It is the argument of this paper that the necessary permanent change to inflation has not taken place; i.e., inflation is not integrated of order one or larger. Consequently, a test of the long-run Fisher effect will not be valid and any inference made as to whether the hypothesis holds or not will be unsubstantiated.
There is a class of models where the order of integration is a real number and whose response to an exogenous shock can be very long lived but not permanent. Called fractionally integrated models, they not only nest the unit-root behavior within it, but they also display stationary and non-stationary, mean-reverting dynamics, along with long-memory and anti-persistent dependencies. For example, a fractionally integrated process with an order of integration greater than 1/2 reverts back to its mean following an exogenous shock.
However, the rate at which the process reverts to its mean is so slow that its variance explodes. Although nonstationary in the sense that its variance is infinite, this fractionally integrated process is still stationary in the mean-reverting context. If inflation follows such a process it would be difficult to distinguish the long-lasting, but finite, impact of a shock from that of a unit-root process's permanent impact. This strong persistence in a fractionally integrated inflation series could cause one to mistakenly conclude that the affect of the monetary shock on inflation is permanent and incorrectly proceed with a test of the 1 long-run Fisher effect.
In this paper a bivariate fractionally integrated estimator is applied to the inflation and nominal interest rate series of 17 developed countries. In all 17 countries, the post-war inflation series is found to follow a mean-reverting, fractionally integrated, long-memory process. The null hypothesis that the order of integration in inflation equals one is clearly rejected for every country. These findings of a mean-reverting, fractionally integrated, inflation series are robust to monthly and quarterly measures of the consumer price index, and to quarterly inflation series calculated from the gross domestic price deflator. It follows from the fractional integration results for inflation that the long-run Fisher hypothesis cannot be tested in these 17 industrialized countries during the post-war period.
Our findings for US inflation are also robust to regime shifts associated with changes in the Federal Reserve's monetary policy. Neither the Fed's October 1979 decision to move away from interest-rate smoothing, nor its October 1982 decision to weight monetary aggregates less heavily when setting monetary policy, affects the stationary, long-memory behavior of US inflation. Hence, a test of the long-run Fisher effect hypothesis in the US cannot be carried out with the bivariate reduced form approach in either of the monetary regimes.
The remainder of the paper is organized as follows. In Sections 2 we extend Bae et al. (2005) relative order of integration conditions for testing long-run money neutrality to the long-run Fisher effect hypothesis. These conditions are then tested in Section 3 by estimating the seventeen country's inflation and nominal interest rate's fractional order of integration. We conclude in Section 4 by summarizing our empirical findings and commenting on the implications a fractionally integrated inflation series has on monetary policy. Bae et al. (2005) extends the relative order of integration restrictions of Fisher and Seater (1993) for testing long-run neutrality to a bivariate fractionally integrated, autoregressive, moving average model of the nominal and real variable. Table 2 lists these fractional orders of integration conditions in terms of the long-run Fisher effect hypothesis, with d π representing the order of integration of inflation, d R , the order of integration of nominal interest rates, and, γ Rπ , the long-run derivative of nominal interest rate to a change in inflation. The L in Table 2 represents the lag operator, L j x(t) ≡ x(t − j), where, j = 0, 1, 2, . . .. In the fourth column of 
Integration Conditions
Monetary shocks permanently change (1 − L) dπ −1 π, Reject and do not permanently change (1 − L) dπ −1 R. 
where R(t) is the nominal interest rate at time period t, and π(t) is the inflation rate at time t. When a permanent change to inflation does not occur, ∂π(t + k)/∂ (t) → 0, as k → ∞, causing γ Rπ to not exist. Because γ Rπ does not exist, it follows that the long-run Fisher effect cannot be tested.
To test if a permanent change has occurred in a fractionally integrated inflation series, we look at the Wold representation of inflation,
where F (d π − 1, 1, 1, ; L) is the hypergeometric function (Gradshteyn and Ryzhik; 1994 , p. 1066 , and ∼ means the ratio consisting of the left and righthand side values equals one.
3 Known as the infinite cumulative impulse response function, A(1) measures the long-run impact a unitary, exogenous, monetary shock has on inflation. If inflation is a meanreverting process, in other words, the long-run impact of an exogenous monetary shock to π is zero, then A(1) will equal zero.
From the properties of F (d π − 1, 1, 1, ; L) found in Gradshteyn and Ryzhik, (1994, p. 1066), A(1) will:
1. Converge to zero when d π < 1.
2. Diverge from zero when d π ≥ 1.
Thus, when d π ≥ 1, an unexpected monetary shock will permanently change inflation so that the long-run Fisher effect hypothesis can be tested. Whereas, when d π < 1, the effect of monetary shock on inflation dissipates over time until it reaches zero.
In contrast to the exponential rate of decay in the autocorrelation function of a shortmemory process, a fractionally integrated process's autocorrelation decays at the slower hyperbolic rate, τ 2dπ −1 , as τ → ∞. It follows then that there is strong long-range dependence in a fractionally integrated inflation series, causing a monetary shock to affect inflation for a very long time. If fact, the impact is so long lived that when 1/2 < d π < 1 the autocorrelations are not summable, causing the variance to explode. However, even under the infinite variance case the monetary shock will not permanently affect inflation.
These are the circumstances of Case (i), where the long-run Fisher effect cannot be tested.
In Case (ii), because 1 ≤ d π , inflation will be permanently affected by an exogenous monetary shock. However, the effect of the shock on the nominal interest rate will not be permanent. Because d R < 1, the nominal interest rate follows a mean reverting, fractionally integrated process that when perturbed slowly returns to its pre-monetary shock level.
Thus, in Case (ii) the long-run Fisher effect hypothesis can be tested but it is rejected outright since the nominal interest rate is only temporarily affected by a permanent change in inflation.
Except for the fractional nature of the orders of integration, Case (iii) is the same necessary condition found in previous tests of the long-run Fisher effect (see King and Watson, 1997; Koustas and Serletis, 1999; and Rapach, 2003) . Because in Case (iii), d π and d R are both greater than or equal to one, an exogenous monetary shock permanently affects both inflation and the nominal interest rate. Under this scenario, the Fisher hypothesis can only be tested by estimating the long-run derivative between the nominal interest rate and inflation, γ Rπ , and testing whether it equals one (Fisher effect holds) or not.
4 Case (iv) can be understood in a similar manner to Case (ii). By differencing both inflation and the nominal interest rate d π − 1 times, the differenced inflation series, π * =
(1 − L) dπ−1 π, will by definition be a unit-root process. However, the differenced nominal interest rate series, R * = (1 − L) dπ −1 R, order of integration will be less than one since
The relative relationship between π and R orders of integration carry over to the relative orders of integration between π * and R * . How this affects the long-run derivative can be understood by writing the long-run derivative in terms of the fractional differencing operators: 1
Because γ Rπ is a ratio of fractional differencing operators, applying the differencing operator d π − 1 times to R and π does not change γ Rπ . We can now write γ Rπ in terms of R * order of integration:
Since, d π * = 1, a shock to inflation will permanently affect π * , and hence, the long-run derivative, γ Rπ , exists. However, since d R * < 1, the shock will only temporarily affect R * . It follows then that under Case (iv), γ Rπ = 0, and the long-run
Fisher effect is rejected.
In Case (v), the long-run derivative, γ Rπ , exists since d π ≥ 1. Its value will be γ Rπ ∝ To determine which of the cases in Table 2 the seventeen countries satisfy, we employ Nielsen's (2004) As a multivariate estimator, Nielsen's estimator and likelihood based test statistic overcomes the lack of power and the inefficiencies that univariate estimators of the fractional orders of integration and classical unit-root tests suffer by ignoring the correlation between the series. It is well established that the unit-root test suffers low power when the true data generating process is a fractionally integrated processes (see Sowell, 1990; and Diebold and Rudebusch, 1991) . With Nielsen's MLE we replace the knife-edge approach of the classical unit-root test of d = 1 against d = 0, with a range of stationary (−1/2 < d < 1) and nonstationary (1 ≤ d < ∞) possibilities. This continuum of values for d and the asymptotic chi-square distribution of the Nielsen estimator's likelihood ratio test makes carrying out inference concerning the relative value of d π and d R easy and straight forward.
We report the bivariate estimates of the fractional orders of integration, d π and d R , in inflation is a unit-root process, 3 H 0 : d π = 1 and d R = 1; i.e., inflation and the nominal interest rate both follow a unit-root process, and H 0 : d π = d R ; i.e., the orders of integration for inflation and the nominal interest rate are the same value.
2 By using a semiparametric estimator, we also avoid the pitfalls associated with a misspecified fully parameterized autoregressive, fractionally integrated, moving average model of inflation and the nominal interest rate.
3 Because the Nielsen estimator and its test statistics are likelihood based, the simple unit-root hypothesis test for inflation requires evaluating the likelihood function not only under the null but also under the univariate estimate of dπ. This requires a univariate estimate of dπ. Applying the Nielsen MLE to only inflation, we find the estimate of dπ to be nearly identical to the bivariate estimates. As a result, we choose not to report them.
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The estimates of d π suggest that a permanent change to inflation did not take place in any of the countries during the time period listed. The estimated differencing parameters range from 0.15 to 0.64, with the inflation rate in Canada, France, Italy, Norway, and the US reporting a fractional order of integration greater than 1/2. Because all of these country's d π are larger than zero but still less than one, the effect of an unexpected monetary shock on inflation will be long-lived but not permanent. Even in those countries where the inflation rates's order of integration is largest (France, Italy, and the US, where d π equals 0.64), in time the effect of the shock wears off. Hence, all seventeen countries fall under Case (i).
The simple and joint unit-root hypothesis test statistics found in Table 2 support this Case (i) classification. All seventeen of the simple unit-root tests for inflation in the fourth column of Table 2 clearly reject the presence of a unit-root. From the p-values listed in the fifth column, the unit-root null is rejected at significance levels nearly indistinguishable from zero.
The US's LR-stat found in the sixth column of Table 2 for the joint unit-root hypothesis tests provides a clear example where inflation does not follow a unit-root process. With a LR-stat of 29.19, the joint unit-root null is easily rejected at conservative significance levels. However, this rejection of the joint unit-root hypothesis could be caused either by d π being significantly less than one, or d R being significantly different from one. Notice that the estimated order of integration for the nominal interest rate in the US is closer to one (d R = 0.989) than inflation's order of integration (d π = 0.64). So rejection of the joint unit-root null follows from the order of integration in US inflation being significantly less than one. Hence, we again conclude that the US falls under Case (i).
The other country's joint unit-root LR-stat have a similar interpretation to that of the US, the difference being that in most of these countries the nominal interest rate's order of integration, d R , is greater than one (Denmark, the Netherlands, Sweden, and the US are the only countries where d R is found to be less than one). Thus, the interest rate in these countries is nonstationary. However, in these countries the absolute difference between the order of integration for inflation and one is larger than the difference between d R and one. In other words, rejection of the joint unit-root null is either because d π and d R are both significantly different from one, or, given the simple unit-root hypothesis for inflation, because d π is significantly less than one. Not because d R is only different from one. We again conclude that the long-run Fisher effect hypothesis cannot be tested for in any of the seventeen countries. along with a simple test of the unit-root hypothesis, d π = 1, a joint test of the hypothesis that π and R follow a unit-root process (d π = 1 and d R = 1), and the hypothesis d π = d R . Under the null, the LR-stat has the standard asymptotic chi-square distribution.
Robustness to monetary regimes
Some have found long-memory behavior to be a spurious result associated with a long, but infrequent, monetary regime (see Diebold and Inoue, 2001; and Jensen and Liu, forthcoming) . To test the robustness of the US's Case (i) classification to different monetary regimes, we split the original sample into three subperiods, 1957:1 to 1979:3, 1979:4 to 1982:3, and 1982:4 to 2004:4 . We choose these time periods because the relationship between inflation and nominal interest rates is believed to have been altered as a result of changes in the Fed's monetary policy on these dates (see Clarida and Friedman, 1984; and Huizinga and Mishkin, 1986) . 4 The post-October 1979 period is also the only time period Rose (1988) finds any evidence of nonstationary behavior in US inflation. Estimates from these time periods should help us determine if post-war inflation's fractional stationary behavior is spurious or not.
The bivariate MLE of d π and d R for the three time periods are found at the bottom of The post-1982 estimate of d π = 0.54 provides strong evidence against any permanent change having occurred in US inflation. During this time period d π is smaller than the estimate from using the entire time series. The post-1982 estimate of d π also contradicts Rose (1988) , who found inflation to be an I(1) series over the post-1979 period. Our estimate of d π , however, does support Mishkin's (1992) conclusion that inflation did not exhibit a stochastic trend over this time period.
Because the pre-1979 estimate of d π = 0.78 is larger than the post-1982 estimate, monetary shocks have a more lasting impact on inflation during the pre-1979 period. However, d π is still significantly less than one so the impact will not be permanent. The nominal interest rate's order of integration is also slightly larger over the pre-1979 period than it was during the entire post-war period. The nominal interest rates d R is now greater than one at 1.07 and d π has increased to 0.78 from 0.64. These larger orders of integration impact the significance level of both the simple and joint unit-root null hypothesis by raising their p-values from zero for the entire time series to a p-value of 0.04 and 0.02, for the pre-1979 periods simple and joint unit-root hypothesis, respectively. Although these significance levels are larger, rejection at the fourth percentile is still good enough to conclude that during the pre-1979 period inflation in the US was not permanently affect by a monetary shock.
Monthly data
To lend further support to the mean-reverting, long-memory behavior of inflation and the Case (i) classification of testing the long-run Fisher effect, we estimate d π and d R using monthly measures of inflation and the nominal short-term interest rate. Chambers (1997) and Souza (2005) show that a long-memory series observed at two different frequencies, for example, monthly and quarterly observations, will have the same fractional order of integration. If inflation and nominal interest rates are long-memory, fractionally integrated series, we would thus expect to find the estimates of d π and d R with monthly data to be similar to those found with quarterly data.
Out of the original 17 developed countries, we estimate the order of integration in the 13 countries found in Table 3 . These countries were selected because their monthly data series is available for the same time period as their quarterly series. The monthly estimates of d π , d R , and the relevant test statistics are found in Table 3 .
In each of the 13 countries, the monthly estimate of d π is smaller than its corresponding quarterly estimate. The monthly estimates of d π range between 0.1 to 0.2 units smaller than their quarterly estimates. Part of this difference can be attributed to the monthly series having four times as many observations as the quarterly measurements of inflation and the short-memory type of noise inherent in monthly data.
A similar difference is also found in the monthly estimates of d R . However, unlike all the monthly estimate of d π being greater than their quarterly estimate, some of the monthly estimates of d R are smaller (Austria, Denmark, Japan, the Netherlands, Sweden, and Switzerland) , while for others it is larger (Belgium, Canada, Italy, the UK, and the US).
In only three countries (Germany, Japan, and Switzerland) does the dynamics of the series change from nonstationary behavior in the quarterly nominal interest rate to stationary behavior in the monthly series.
These smaller monthly estimates of d π provide more evidence that inflation in these countries follow a stationary process and that our Case (i) classification is correct. Because a smaller d π leads to a larger LR-stat, the LR-stats in Table 3 are larger than the test statistics found in Table 2 . We, thus, again conclude that the long-run Fisher effect cannot be tested even with higher frequency monthly data.
GDP deflator and long-term interest rates
For those countries with post-war, quarterly, GDP price deflator and long-term interest rate series long enough to reveal their long-run behavior, we estimate d π and d R using the Our estimates of the fractional order of integration with the quarterly deflator and long-term nominal interest rate are found in Table 4 . The estimates of d π suggest that in addition to excluding Germany and Japan from the Fisher effect test, Rapach should have also excluded Canada, the UK, and the US. In each of these countries, d π is significantly less than one and smaller than the estimates found using quarterly CPI. In the extreme case, the inflation rate for Japan is now negatively integrated with d π = −0.1; i.e., Japan's inflation rate is anti-persistent.
Except for the US, the estimates of d R are smaller than the estimates found with the short-term interest rate. Our Case (i) classification for these six countries is thus robust to the price index measure and the maturity length of the fixed income security used in calculating the inflation and nominal interest rate series.
LR-Stat p-value LR-stat p-value LR-stat p-value Canada (1957 Canada ( :1-2004 Table 4 : Maximum likelihood estimates of a bivariate fractionally integrated model of the log change in the quarterly GDP price deflator, π, and the long-term interest rate, R, along with a simple test of the unit-root hypothesis, d π = 1, a joint test of the hypothesis that π and R follow a unit-root process (d π = 1 and d R = 1), and the hypothesis d π = d R . Under the null, the LR-stat has the standard asymptotic chi-square distribution.
Conclusion
This paper has studied the long-run Fisher effect in seventeen industrialized countries over the post-war period. Using a bivariate estimator of inflation and nominal interest rate's fractional order of integration, and quarterly and monthly measures of inflation and short and long-term nominal interest rates, we have found inflation to be a slow, mean-reverting, fractionally integrated process in all seventeen countries. One important implication is that, because inflation never experiences a permanent change, the long-run Fisher effect cannot be tested with the reduced form approach. Thus, this paper provides a reason why past reduced form tests of the long-run Fisher effect have been unable to find support for the hypothesis. They have simply been applying a test that is not valid given the stationary behavior of the inflation series.
The prevalence of this slow mean-reversion in inflation causes us to wonder what the mechanisms are between monetary policy and the inflation rate and whether inflation is actually a monetary phenomenon. Although monetary shocks do not permanently affect inflation, the long-memory behavior of inflation suggests that monetary policy can have a lasting impact on inflation. How big, or how long a fractionally integrated inflation series will be affected by a change in monetary policy is an important, but, unanswered question.
The presence of fractional integration in the inflation rate of so many industrialized economies also causes us to wonder if this long-memory behavior is the result of some common economic institution found in these economies. Perhaps it is a universal feature found in their banking systems, such as a common monetary rule, or a statistical artifact of aggregating up prices of different goods and services into a price index. These and other questions related to the fractional nature of inflation will surely be of interest to monetary economists.
